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We discuss the naturalness of exponential potentials for quintessence, showing that the resulting 
almost flat direction in the space of scalar fields, as well as the small time dependent cosmon 
mass, can be related to an anomalous dilatation symmetry. We argue that the physics of the 
cosmological constant is Planck scale physics, and comment on the role of quantum fluctuations. 
We present three higher dimensional scenarios how a runaway of the "cosmological constant" to 
zero can be combined with stable particle physics properties, leading at most to small variations of 
the "fundamental couplings" . 



I. INTRODUCTION 

For scalar fields with an effective potential relaxing ex- 
ponentially to zero for large field values, the presence of a 
homogeneous dark energy component in the universe has 
been predicted [l| . The dynamics of the cosmological scalar 
field - the cosmon - leads to cosmological scaling solutions 
[H, where dark energy decreases with time at the same 
pace as matter or radiation. This predicts for the present 
cosmological epoch dark energy and matter of a compara- 
ble order of magnitude. If the scaling can be stopped by 
some cosmological trigger event, as neutrinos with growing 
mass becoming non-relativistic at low redshift[l], a cosmol- 
ogy that is compatible with present observation can result. 

The naturalness of an exponential cosmon potential in 
the presence of quantum fluctuations has been questioned 
on several grounds. The first criticism is that quantum fluc- 
tuations suggest that the potential should relax to some 
constant rather than to zero. This is the "cosmological 
constant problem" . The second question concerns the nat- 
uralness of the exponential shape. A naive quantum calcu- 
lation suggests that the exponential shape is stable as far 
as the quantum fluctuations of the cosmon are concerned, 
but becomes unnatural in the presence of a cosmon cou- 
pling to matter 0] . Finally, it has been challenged that the 
small cosmon mass may be unnatural [![. Indeed, for the 
scaling solution the cosmon mass decreases with time and 
is of the order of the Hubble parameter [|| , much smaller 
than other known particle masses. 

We will argue in this paper that all these criticisms are 
not justified, even in presence of a coupling of the cos- 
mon to dark matter, neutrinos or atoms. The basic reason 
is that a too naive computation of the quantum fluctua- 
tions does not respect an important underlying symmetry, 
namely dilatation symmetry. In fact, the cosmon is the 
pseudo-Goldstone-boson of a spontaneously broken dilata- 
tion symmetry. In absence of a dilatation anomaly the 
cosmon potential would be fiat and its mass would vanish. 
Furthermore, dilatation symmetry has the special property 
that it gets restored if a fixed point is approached. In this 
case the anomaly vanishes asymptotically as a result of 
the dynamics. This is precisely what happens for the cos- 
mological scaling solution for which the cosmon mass goes 
asymptotically to zero. 



In the context of a unified theory one expects the pres- 
ence of many scalar fields <fi. For example, dimensional 
reduction of a higher dimensional theory will lead to in- 
finitely many scalar fields. These scalars may be singlets 
with respect to the SU(3) x SU(2) x U(l) gauge symme- 
try of the standard model of particle physics or not. The 
dynamics of these scalar fields will be determined by an 
effective potential U{(pi), which obtains by including all ef- 
fects from quantum fluctuations. An anomalous dilatation 
symmetry will lead to a "valley" or "almost flat direction" 
in the effective potential, denoted by fixed functions (pi(<p). 
Here the "coordinate" along the valley, ip, will be associ- 
ated with the cosmon field. We will present rather general 
arguments why the effective cosmon potential takes an ex- 
ponential form 

V(<p) = U{(p i {y))=\*M i + V{y), 

V(<p) = Af 4 exp(-a|i). (1) 

Here M is the reduced Planck mass and a a dimension- 
less parameter. The dimensionless constant A* determines 
the size of the cosmological constant. Realistic cosmology 
requires A* < 10~ 120 . 

We also argue in favor of A* = 0. The asymptotic van- 
ishing of the cosmon potential can not be explained as a 
result of an anomalous dilatation symmetry. It is rather 
connected to the stability properties of the theory and we 
present three scenarios of higher dimensional cosmology 
that realize A* = 0. 

In the first part of this paper (sects. HTHVjl . we answer 
fifteen general questions concerning the possibility of a nat- 
ural solution to the cosmological constant problem and the 
role of quantum fluctuations. This includes the possibility 
of a cosmon coupling to baryons, neutrinos or dark matter 
particles, and therefore the issue of time dependence of the 
particle physics couplings like a or m e /m p . 

The second part of this paper (sects. IVUIIX[) addresses 
the cosmological constant problem in a higher dimensional 
context. Realistic cosmologies need not only a dynamical 
dark energy that approaches zero asymptotically. Also the 
couplings must become almost time independent in order 
not to contradict tight observational bounds. While each 
aspect separately is easily realized, the challenge resides in 
the simultaneous realization of both properties. We present 
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three scenarios that could give rise to realistic cosmologies 
in this sense. The anomalous runaway (sect. IVII|) is based 
on a higher dimensional theory that has only dimensionless 
couplings. Their scale dependence is given by an anoma- 
lous dimension, thus leading to a dilatation anomaly. The 
geometrical runaway for warped branes (sect. IVIIip is char- 
acterized by an increasing size of the internal dimensions 
in units of the Planck length, while the scale governing the 
particle physics is related to the geometry of a brane and 
becomes time independent. For the adjustment of inter- 
nal geometry (sect. IIX|) . the length scale characteristic for 
internal curvature increases to infinity, while the character- 
istic size of the internal space approaches a constant. All 
three scenarios lead, after dimensional reduction and in the 
Einstein frame, to an exponential cosmon potential. 

II. DILATATION SYMMETRY AND PSEUDO 
GOLDSTONE BOSON 



(1) Why is there an almost flat direction? 

For a realistic cosmology the present value of ip obeys 
aip(to)/M ps 276. Therefore the derivative of V is much 
smaller than naively expected from the characteristic scales 
for gravity, M ps 10 18 GeV, weak interactions, d ps 175 
GeV, or strong interactions, Aqcd ~ 200 MeV, i.e. 

dV 

- M— = aV re ap h ps a(2 ■ W~ 3 eV) 4 
dip 

« M 4 , d\ A-qcd- (2) 

The reason for the existence of a flat direction is the spon- 
taneous breaking of the global dilatation symmetry. In 
the limit of a vanishing dilatation anomaly an exactly flat 
direction would exist, V = dV/dip = 0. The cosmon be- 
comes the Goldstone boson that is always generated by a 
spontaneously broken global symmetry - it plays the role 
of the dilaton. The dilatation transformation induces a 
shift of the dimensionless field ip/M — > tp/M + There 
is only one difference to a spontaneously broken compact 
17(1) symmetry, namely that z? is not a periodic variable. 
Dilatations correspond to a non-compact symmetry group 
such that $ can take arbitrary values. The flat direction is 
not a closed line in field space. 

(2) Why do quantum fluctuations of QCD degrees of free- 
dom not lift the flatness and induce a contribution MV' ~ 

A 4 9 
A QCD ■ 

The characteristic scale for QCD is not the characteristic 
scale for the explicit breaking of the dilatation symmetry 
- the dilatation anomaly. In this context one has to dis- 
tinguish between the "fundamental dilatation symmetry" 
and an effective low energy dilatation symmetry in absence 
of gravity. For energy scales sufficiently below the unifica- 
tion scale, particle physics can be described by the degrees 
of freedom of the standard model. The effective action 
for these "low energy degrees of freedom" exhibits an ap- 
proximate effective dilatation symmetry. The latter is only 



broken by the running of the dimensionless couplings, as 
the strong gauge coupling g s , and by the mass term in the 
effective potential for the Higgs scalar. (Technical natural- 
ness of a small Fermi scale as compared to the unification 
scale can be associated with this approximate effective di- 
latation symmetry [Tj). Due to the running strong coupling 
there is indeed a contribution to the "anomaly" of the ef- 
fective dilatation symmetry of the order Aq CD . 

However, the issue is different for the fundamental di- 
latation symmetry with which we are concerned here. In a 
unified theory the scale Aqc d obeys Aqc d = M x cxp ( — 
c/pg(M x )), with M x the unification scale and g s {M x ) the 
running strong coupling at this scale. In models with a 
fundamental dilatation symmetry both the Planck mass 
M and the unification scale M x are (approximately) pro- 
portional to a field x that scales under dilatation trans- 
formations. If the proportionality is exact, and g1{M x ) is 
independent of \, the fundamental dilatation symmetry re- 
mains unbroken. The running strong coupling induces in 
this case no anomaly of the fundamental dilatation symme- 
try, since also Aqcd is proportional to \- hi the- limit of a 
vanishing dilatation anomaly the effective potential U(tpi) 
will therefore exhibit a flat direction, even in presence of 
the QCD-fluctuations. These fluctuations will, of course, 
contribute to U. However, they will only modify the pre- 
cise location of the flat direction in field space, i.e. the 
functions <Pi(<p). The flatness of the Goldstone direction 
remains untouched. This argument generalizes, of course, 
to be electroweak fluctuations. 

We can phrase these statements differently: In the limit 
of an exact fundamental dilatation symmetry, the QCD- 
contribution to the fundamental dilatation anomaly must 
be precisely cancelled by the contributions from other fluc- 
tuations. This cancellation involves no fine tuning of pa- 
rameters since it is enforced by symmetry. This feature 
is often overlooked when one tries to estimate the issue of 
quantum contributions to V or V" from an effective the- 
ory covering only a certain range in momentum. We will 
demonstrate the shortcomings of " effective theory compu- 
tations" in a simple and well understood model. 

Indeed, in this respect the situation is completely analo- 
gous to the Goldstone boson arising from the spontaneous 
breaking of a compact i7(l)-symmetry. Consider two com- 
plex fields ipi and (pi transforming as <pi — > <pie lB . A poly- 
nomial expansion of a U(l) invariant classical or effective 
potential has the general form 

U = llijtpt&j + 2 X i3 k WiWVk<Pli ( 3 ) 

with = fif*, Xjuk = X* jM , X ijk i = Xkiij- Without loss 
of generality the solution of the field equation (for homo- 
geneous static 0) 

rfjVjfl + ^ijki&j,a9k,o¥i,a = °> ( 4 ) 
can be written in the form 

(pifl = a, <p 2 ,o = be 11 , (5) 

with a, b real and positive and 7 an angle. The deviations 
from the potential minimum, 5<p~i — (pn — (pifi, contain a flat 
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direction labeled by d 



(6) 



Here -d plays the role analogous to the dilaton ip, i.e. the 
cosmon in absence of a dilatation anomaly. 

Consider now for a classical potential U the case a^> b. 
In leading order the Goldstone boson corresponds to the 
imaginary part of (pi, g — ImSipi — ad + 0(i} 3 ). Let us 
take the limit b — > (this can actually always be achieved in 
our example by appropriate field conventions) and expand 
up to quadratic order in 5<p2 — <p>2 



U 
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M22 + (a 2 + .9 2 )(Aii22 + 2^1221 + K221)) 

+ \ [(a 2 - 2iap - g 2 )Ai 2 i2^ 2 + c.c] 
- [g 2 (a - ig)\m2<p2 + c.c] . 



(7) 



Eq. ((7|) contains a mass matrix for the two real fields which 
correspond to the complex field tp% 5 whereas g is the mass- 
less Goldstone boson. In addition, the linear description 
if 1 — a + ig generates cubic and quartic couplings involv- 
ing g. (In a non- linear field basis the Goldstone boson 
has only derivative couplings.) Let us further consider pa- 
rameters where one of the mass eigenvalues for (p~2 (with 
eigenvector denoted by a) is much smaller than the other 
and also much smaller than the mass for the real part of 
Sf\. For momenta below an "ultraviolet cutoff" A 2 ~ Aa 2 
one may consider an "effective low energy theory" for a 
and g. In our analogue er corresponds to the QCD-degrees 
of freedom and g to the cosmon. 

One may be tempted to compute the effective potential 
and the characteristic size of the mass term for g by in- 
tegrating out the fluctuations of a in a momentum range 
q 2 < A 2 . Due to the cubic and quartic couplings between a 
and g such a calculation would yield a mass term ~ \A 2 g 2 
or \ 2 a 2 g 2 . Such a result is, of course, grossly erroneous 
since the quantum fluctuations of the effective theory do 
not respect the U(l) symmetry. A full computation of 
the quantum effects respects the U(l) symmetry. It only 
changes the values of fi 2 and A from their classical values to 
the quantum values (and introduces further [/(l)-invariant 
"higher order terms" in U). As a consequence, the values 
of a. b, 7 are shifted from their classical values to quantum 
values. This only affects the location of the flat direction, 
while the Goldstone boson remains exactly massless. One 
concludes that the contribution to the Goldstone boson 
mass from fluctuations of the effective theory is exactly 
cancelled by other contributions of quantum fluctuations 
of the full theory. 

We may take this simple example as a lesson: in presence 
of a spontaneously broken symmetry it is not legitimate to 
consider the contribution of quantum fluctuations of an ef- 
fective low energy theory as representing the characteristic 
size of the quantum effects for the full theory. 

(3) How can the cosmon mass be many orders of magni- 
tude smaller than Aqqd or Aq CD /M ? 



The answer to this question is essentially the same as 
above - the small mass is a consequence of a spontaneously 
broken global symmetry with a small anomaly. The present 
cosmon mass is easily computed by taking the second 
derivative of eq. (P) 



il = a 2 V/M 2 » 3a 2 n h! oH t 



(8) 



with Qhfl ~ 3/4 the present dark energy fraction and Hq 
the present value of the Hubble parameter. We can asso- 
ciate the reduced Planck mass M with the scale of spon- 
taneous breaking of dilatation symmetry. The potential V 
plays the role of the dilatation anomaly. In presence of an 
anomaly the cosmon becomes a pseudo-Goldstone-boson 
and its mass involves the typical ratio between the anomaly 
and the scale of spontaneous breaking, ~ y/V /M. This 
is completely analogous to the axion with anomaly Aq CD 
and decay constant /, m a ~ Aq CD / f. The only difference 
is that the anomaly V is not related to Aqqd and actually 
changes with increasing ip. For <p — > 00 the anomaly van- 
ishes and the cosmon becomes a massless Goldstone boson. 

It has been argued that a cosmon coupling to fermions, 
for example to neutrinos, would generate a mass much 
larger than Ho. A coupling ~ P((p/M)m„-ipip induces a 
(/^-dependent neutrino mass and a corresponding cubic cou- 
pling between the cosmon and neutrinos. A naive compu- 
tation of quantum fluctuations of neutrinos with momenta 
smaller than A « M would yield a contribution to the cos- 
mon mass AmJ ~ (/3m iy /M) 2 A 2 w /3 2 m 2 , which is many 
orders of magnitude larger than H 2 unless (3 is tiny. The 
shortcoming in this argument is precisely the same as in 
the above discussion of the global U(l) symmetry with the 
fields ipi,(p~2'- the computation within the effective low en- 
ergy theory does not respect the symmetry which is re- 
sponsible for the small cosmon mass. 

(4) Why does the dilatation anomaly vanish for <p — > 00 ? 

The vanishing of the dilatation anomaly V(p — > 00) = 
is linked to a fixed point behavior in the renormalization 
flow. In a theory without explicit mass scales the dilata- 
tion anomaly arises from the scale dependence of running 
dimensionless couplings. Assume that all dimcnsionless 
couplings take constant values at fixed points. Then the 
dilatation anomaly must vanish, since it is related to the 
running of the couplings. As the couplings approach fixed 
points, the dilatation symmetry is restored. In this case the 
anomaly is "switched off" dynamically Q. While our dis- 
cussion of the first three questions is general for all sponta- 
neously broken continuous global symmetries, the "switch- 
ing off" of the anomaly is particular to dilatation symme- 
try. 

This issue is most easily understood in a field basis where 
dilatation transformations are realized linearly and the di- 
latation symmetry is manifest in the action. In this for- 
mulation all parameters with dimension of mass are given 
by h\, with h a dimensionless coupling and \ a rea l scalar 
field. For example, a dilatation symmetric model for grav- 
ity (g^), a scalar (x), and a fermion (ip) has a Lagrange 
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density 



The effective Lagrangian for x reads in the Einstein frame 



C 



(9) 



+i{i/j L l> 1 D^ L + tfrnrfD^R) + (h X tpRipL + h.c)} 



Here we have chosen a normalization of the scalar field such 
that x corresponds to the reduced Planck mass. We note 
that for a time varying X the Planck mass M = X changes 
with time. However, the effective fcrmion mass = hx 
also changes. Only dimensionless ratios are observable. For 
X-independent h the ratio m^/M = h remains constant. 
The "dilatation symmetric frame" ([9]) is called the Jordan 
frame. It is related by a Weyl transformation of the metric 
to the Einstein frame where M is a constant. The field 
ip corresponds to lnx- A multiplicative scaling of X corre- 
sponds to a shift in ip. Therefore the dilatation transfor- 
mations act linearly on x (& n infinitesimal transformation 
is 5x = ex), whereas a formulation with tp corresponds to 
the "nonlinear er-model" for Goldstone bosons. 

In a quantum theory we should use an effective La- 
grangian. Due to the effects of quantum fluctuations the 
dimensionless couplings A, Z x , h become running couplings, 
depending on x/Mi with /x the renormalization scale. In the 
limit of ^-independent couplings the effective Lagrangian 
becomes dilatation symmetric. In consequence, the dilata- 
tion anomaly involves the /3-functions of the running cou- 
plings, i.e. 



dX 
<91nx 



(10) 



Performing the Weyl transformation and using ip/M ~ 
ln(x/M), we indeed find a flat direction in the effective 
potential for ip if (3\ vanishes. 

In cosmology, there are two fundamentally different pos- 
sible behaviors for X - Either X settles for large time at 
some constant value, or it evolves towards infinity. We 
will be interested in the second class, the "runaway so- 
lutions" . Depending on the form of (3\ , the evolution of 
the coupling A for the runaway solution has two alter- 
natives. Either A approaches a fixed point A» where f3\ 
vanishes, f3\ (A*) =0. Or A runs to infinity. We assume 
here the existence of a fixed point that is approached for 
X — *• oo. This implies that the dilatation anomaly vanishes 
for p — ► oo , and we thus have demonstrated the generic 
behavior V(tp — > oo) = 0. 

(5) Why does V(ip) vanish exponentially for p — > oo ? 

The exponential behavior is a result of an anomalous 
dimension characterizing the approach to a fixed point. 
Typically, the /3-function is an analytic function of A in 
the vicinity of A*. The lowest term in a Taylor expansion 
is given by the "anomalous dimension" A, 



-A(X - A*). 



Eq. (|T0|) implies then 

A(x) = A, + (x/v)- A . 



(11) 



(12) 



U 2 

X 2 



1 „ „„ „ M' z I . fx\ "\ . 4M 4 



-£ = -Z x d» X d»X— ) X 4 — 



1 z : 
2Z, 



^d* yd pip + M 4 [A* + exp (exp( 
L v - 



-OL- 



M 



The kinetic term for the field 



p = mv^oMx/m) 



(13) 



(14) 



is canonical for a constant value Z x = Zq and a is related 
to A by 



= AZ, 



-1/2 



(15) 



For a x-dependent Z x one may either keep the exponential 
form of the potential and use a nonstandard kinetic term 
with "kinetial" k 2 (p) — Z x /Zq, or one may rescale <p in or- 
der to achieve a standard kinetic term, with corresponding 
modifications of the potential. For Z x only slowly varying, 
for example close to a fixed point, the effective potential is 
then approximately of exponential shape. 

A naive computation of the quantum fluctuations from 
fcrmions in an effective low energy theory (for example re- 
alized by small h) would suggest deviations from the expo- 
nential form of the cosmon potential. Such a computation 
is misleading, however. Typically, both A and h may ap- 
proach fixed points as x ~^ °o for a runaway solution. The 
behavior for X —> o° is then governed by a stability matrix 
S 



d 



d\nx 



A A* 

k 2 - hi 



= -s 



A — A* 

h 2 -hi 



(16) 



If the fixed point is approached for x — > 00, all eigenval- 
ues of S are positive. The dominant deviation from the 
fixed point for large X is given by the lowest eigenvalue. If 
the corresponding eigenvector contains nonvanishing com- 
ponents of both A— A» and h 2 — h 2 , both couplings approach 
their fixed points with the same power law (|12|) . On the 
other hand, for block diagonal S the respective powers cor- 
respond to the two eigenvalues of S and may be different. 
In both cases an exponential form of the cosmon potential 
follows. 

At this point we have answered the key issue to which 
we refer in the title. A dilatation symmetric theory with 
an anomaly due to running dimensionless couplings leads 
naturally to an exponential form of the cosmon potential, 
if fixed points are approached for a cosmological runaway 
solution. The quantum fluctuations are responsible for the 
nontrivial /3-function and determine the properties of the 
stability matrix S. They generate the exponential poten- 
tial, rather than destroying it. We note that on a classical 
level exponential potentials have been found as arising typ- 
ically from higher dimensional @ or supergravity theories. 
Here we have presented a deeper rooting on the quantum 
level. 

( 6) In which frame should the quantum fluctuations be 
computed? 
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The field equations derived from the quantum effective 
action are exact. We can therefore freely choose coordi- 
nates in held space that are convenient for their solution. 
The Jordan frame and the Einstein frame are completely 
equivalent on this level p}. Physical observables can be 
formulated in a frame- independent way fl~oj ] . For a compu- 
tation of the quantum fluctuations, however, a functional 
integral has to be performed. In principle, a change of field 
variables remains possible, but it often leads to a compli- 
cated Jacobian from the functional measure. A quantum 
calculation with a simple measure in a dilatation symmetric 
frame (Jordan frame) will induce a very complicated mea- 
sure in the Einstein frame. If one uses, instead, a naive 
measure in the Einstein frame one will get a different re- 
sult. For a computation related to the issue of dilatation 
symmetry and its anomaly, i.e. for a computation of the 
beta-functions for the running dimensionless couplings, it 
seems compulsory to perform it in the Jordan frame. In 
the Einstein frame the issue of running dimensionless cou- 
plings is not visible anymore and there is little chance to 
produce a sensible result if a naive measure is used. 



III. TIME VARYING FUNDAMENTAL 
"CONSTANTS" 



(7) Can we explain why "fundamental constants" change 
very little for a runaway solution ? 

The "fundamental constants" like the electron or proton 
mass or the fine structure constant depend on the cosmo- 
logical values of scalar fields. For example, a vanishing 
value of the Higgs scalar in early cosmology implies a simi- 
lar strength for the electromagnetic and weak interactions. 
Before nucleosynthesis, however, most scalar fields are as- 
sumed to have settled to almost constant values, corre- 
sponding to a (partial) minimum of the effective potential. 
In the presence of a runaway solution, however, the cosmon 
field ip continues to change even in recent cosmology. In 
principle, the fundamental couplings depend on <p. Due to 
the time variation of <p one may expect a substantial varia- 
tion of the couplings even in present cosmology. Explaining 
why this variation is small is one of the major challenges 
for realistic quintessence models [ll|. Indeed, the interac- 



rectly linked to the dilatation anomaly. If fixed points are 
approached asymptotically for ip — ► oo, the (^-dependence 
of the couplings becomes exponentially weak 



tion between atoms or electrons mediated by the cosmon 
field must be substantially weaker than gravity, whereas 
many models investigated in the context of string theories 
or higher dimensional theories seem to predict a strength 
similar to gravity. 

Let us emphasize that only the variation of dimensionless 
couplings or dimensionless ratios of masses is observable. 
We may measure a variation of m e /M whereas an individ- 
ual variation of the electron mass m e or the Planck mass M 
is not observable. In our dilatation symmetric setting the 
time variation of mass ratios is directly related to the run- 
ning of the dimensionless couplings, i.e. m^/M = h. If all 
dimensionless couplings take fixed point values, the dilata- 
tion symmetry becomes exact. In this case, the couplings 
are constant. A time variation of the couplings is thus di- 



—B 



BZ, 



-1/2 



For /3 = a or /3 of a similar size as a, the coupling 
h would be very close to its fixed point value. With 
exp(— aip/M) as 10 -120 for the present value of ip in a 
realistic quintessence cosmology, a similar suppression fac- 
tor would govern the deviation of h from h*. Runaway 
solutions with a fixed point for all couplings offer a simple 
scenario for all couplings to become essentially static in the 
recent cosmological epoch. 

(8) Is there a chance to observe time varying couplings 
in present cosmology? 

A similar size of a and (5 is, however, not the only pos- 
sibility. For (3 sufficiently small as compared to a, the 
coupling h is not yet extremely close to its fixed point. A 
time variation in an observable range becomes realistic in 
this case. The condition j3 <C a requires that one of the 
eigenvalues B of the stability matrix S (]16p is much smaller 
than A. In turn, this necessitates for A an evolution equa- 
tion of the type of eq. where A may depend on h, but 
no term ~ h 2 — hi is present in a linear expansion of (3\ 
around the fixed point. The eigenvalue B is then irrelevant 
for the approach of A to its fixed point. 

Let us pursue this scenario where some of the particle 
physics couplings show a slow evolution, whereas A ap- 
proaches a fixed point much faster. In this case, the evolu- 
tion of some particle physics couplings may not be governed 
by a fixed point - for example the relative change since the 
end of inflation could be of the order one only. Instabilities 
may be approached by the flow, like the vanishing of some 
mass, as in the scenario of "growing neutrinos" [3(. We 
conclude that a small variation of fundamental couplings 
in an observable range seems perfectly possible, but it re- 
quires the decoupling of the comparatively fast flow of A 
from the slow flow of some particle physics couplings. 



IV. VANISHING COSMOLOGICAL CONSTANT 



(9) Why does dark energy vanish asymptotically? 

In the remainder of this note we will present arguments 
in favor of a fixed point A* = that is approached for 
X — > oo. The existence of such a fixed point, combined 
with an anomalous dimension dimension A > 0, would 
solve the problem of the cosmological constant [l[ . In this 
case the fourth power of the Planck mass x 4 increases faster 
than the effective potential U(x)- In other words, it is a 
sufficient condition for a solution of the cosmological con- 
stant problem that U(x) increases for x ~ > oo with a power 
smaller than four, U{x) ~ X 4 ~ A - Then the ratio U/x 4 
vanishes asymptotically according to eq. ([1]) . Runaway so- 
lutions lead to a vanishing dark energy for x — > oo, unless 
stopped by some particular cosmological event. 
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The zero value for the fixed point, A* = 0, is not a con- 
sequence of dilatation symmetry. Runaway solutions high- 
light the importance of a fixed point where dilatation sym- 
metry is dynamically restored. But dilatation symmetry 
does not tell the value of the fixed point - also a nonzero 
A* is perfectly compatible with dilatation symmetry. A key 
argument for the existence of a fixed point A» = is sta- 
bility. Indeed, a consistent fundamental theory should not 
have problems with stability. We recall that U(x) should 
be interpreted as the effective potential with all other fields 
except x an d the metric integrated out, i.e. for all scalar 
operators taking appropriate x-dependent values. In order 
to ensure stability we assume that U (x) should not diverge 
to minus infinity for \ — > oo. This implies the inequality 



lim A(x) = lim > 0. 



(18) 



It is then sufficient that (3\ — d \/d In x is negative for 
small enough positive A. The flow for increasing \ drives A 
towards smaller values. Since A remains positive according 
to eq. (TTS)) . the only possibility is a fixed point at A* = 0, 



ft (A = 0) = 0. 



(19) 



Eq. (fT!)]) should hold for arbitrary values of the other cou- 
plings like h. If f3\ is analytic in A we can make a Tay- 
lor expansion around A = and the first term yields eq. 
(fTTj) , with A depending on the value of h and other cou- 
plings. This form of the /3-function implies for the stability 
matrix S that the eigenvalue A is typically different from 
the other eigenvalues. In the vicinity of the fixed point 
the flow of A decouples from the other couplings, since 
d(3 x /dh 2 (X = 0) = 0. 

Of course, positive (3\ for small A is also a logical possi- 
bility and this would imply the approach to a nonzero A» 
for x ~~ * 00 or diverging A. We should stress, however, that 
in presence of the condition (TTg]) the existence of a fixed 
point A* — depends only on the sign of f3\ for small A. 
No fine tuning of parameters is involved. We also empha- 
size that the stability condition V(x — ► oo) > implies in 
our dilatation invariant setting a positive or zero cosmo- 
logical constant after Weyl scaling. In contrast, in a model 
without dilatation symmetry, a negative cosmological con- 
stant would not contradict the stability condition. 

(10) Which fluctuations dominate the computation of f3\ ? 

One would like to compute the form of f3\, its fixed points 
and the stability matrix. For this endeavor it is useful to 
understand first what is the dominant momentum range 
of the fluctuations responsible for f3\ . Let us compare the 
contribution of quantum fluctuations to the effective po- 
tential U for two neighboring values xi arL d X2, Xi < X2- 
Consider fermions which have mass hx2 or hxi for the re- 
spective values of x- The fermion mass acts as an effective 
infrared cutoff for the momenta of the fermion fluctuations. 
Changing this cutoff from xi to xi includes additional mo- 
menta in the range (hxi) 2 < q 2 < (/1X2) ■ In consequence, 
the effective potential receives a contribution 



corresponding to AA ~ h 4 Ax/x, with Ax = X2 — Xi- We 
conclude that the fermions contribute to (3\ a term of the 
order h A . For bosons the situation is similar except for the 
opposite sign. 

In presence of many different particles the dominant con- 
tribution to (3\ comes from the particles with the largest 
mass, i.e. the largest h. Typically, a unified theory will con- 
tain particles with mass of the same order as the Planck 
mass x- For these particles the dimensionless coupling h 
is of the order of one and we assume that their fluctua- 
tions dominate the running of A. As compared to them the 
contribution of the electron or light quark fluctuations is 
suppressed by more than 80 orders of magnitude and there- 
fore completely negligible. For the fermions of the standard 
model the effective coupling h is tiny since it is proportional 
to ratio between the Fermi scale and the Planck scale. 

We conclude that the properties of (3\, like the location 
of possible fixed points and the value of the anomalous di- 
mension A, involve dominantly the physics in a momentum 
range of the order of the Planck mass. From the point of 
view of the effective low energy theory described by the 
standard model, this momentum range concerns the ul- 
traviolet physics. An analogue can be found in a naive 
calculation of the cosmological constant in the Einstein 
frame, where again the fluctuations near the ultraviolet 
cutoff dominate. Also in the Einstein frame the variation of 
the cosmological constant as a function of a common scale 
for all particle masses would be dominated by the heaviest 
particles. As stressed before, however, the proper frame for 
the quantum fluctuations is the dilatation invariant Jordan 
frame. Only in this frame the special properties of fixed 
points become visible. We conclude that the issue of the 
role of quantum fluctuations for the cosmological constant 
should focus on Planck scale physics. Thus our approach 
differs strongly from attempts to understand the cosmo- 
logical constant problem in terms of the long wavelength 
fluctuations, for example involving the momenta smaller 
than the QCD-scale Aqcd or even the sub-eV range. 

At this stage we may note an interesting property for 
cosmologies with approximate dilatation symmetry. For x 
or ip increasing in the course of their cosmological evolution 



the momentum range q 



X 



2 relevant for the form of 



AC/ = U( X 2) - U(xi) « (h X 2) 4 - {h X iY 



(20) 



the effective potential is shifted to higher values. The late 
universe explores the short distance physics! 

(11) Does the electroweak phase transition induce a jump 
in the cosmological constant? 

Cosmological transitions like the electroweak transition 
lead to a sudden increase of the value of the Higgs field 
ipH for temperatures below some critical temperature. A 
similar event happens for QCD with the onset of the chiral 
condensate as an order parameter. A change of tpu is ex- 
pected to contribute to the effective potential of the order 
\h<P%, with Xh the quartic coupling of the Higgs scalar. 
This contribution alone is of the order of AU ~ (100GeV) 4 
and one may wonder if a fine tuning of the cosmological 
constant is needed in order to cancel it. Although both the 
electroweak transition and the chiral transition in QCD 
may be described by an analytical crossover rather than a 
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true phase transition, the issue of a possible "jump" in the 
cosmological constant at "late time" (as compared to the 
Planck time) merits attention. How does early cosmology 
before these transitions "know" that it should prepare the 
value of the cosmological constant, such that a jump of its 
value at the transition time can be absorbed? 

So far, we have only considered the effective potential 
U(ip) at zero temperature. However, the early universe was 
in thermal equilibrium and the relevant quantity is the tem- 
perature dependent effective potential U(<p, T) which cor- 
responds to the free energy. One may guess that the tem- 
perature effects break the dilatation symmetry explicitely, 
since a particular momentum range q 2 ~ T 2 is singled out. 
We will see that this question depends on the way how 
temperature scales under dilatation transformations. Let 
us demonstrate the issue in the limit where the running 
couplings are already close to the fixed point such that the 
running of dimensionless couplings can be neglected in a 
first approximation. 

We consider the free energy in dependence on the value 
of the cosmon field \ and a Higgs doublet \h 

U(x,X Hl T) = A,x 4 + y(xki? - h 2 ffX 2 ) 2 

+lT 2 X* H XH ~ Sf\ (21) 

Here T is the temperature in the Jordan frame, related to 
the temperature in the Einstein frame by T — (x/M)T 
In a realistic universe with temperature around the 
Fermi scale, only the doublet is in thermal equilibrium. We 
have therefore not added temperature dependent terms for 
X, but this would not change our conclusions. We also 
use here an oversimplified temperature dependence corre- 
sponding to a second order phase transition - again this 
does not affect the outcome. For T 2 > T c = Xnh 2 H x 2 h 
the electroweak symmetry is restored, ((xh) = 0) whereas 
for T < T c spontaneous electroweak symmetry breaking 
occurs due to (xh) 0. 

For a fixed T ^ the symmetry of multiplicative rescal- 
ings of x an< i Xh is violated and therefore dilatation sym- 
metry is explicitely broken. As a consequence, for fixed 
T ^ the effective quartic coupling is no longer governed 
by a fixed point and obeys for (xh) = 

X(T) = x- A U{x,{Xh)(x,T),f) 

= A* + Xnhjj/2 - 8T i /x i - (22) 

From this point of view the running of A(x) towards the 
fixed point A* happens only for T = 0, since only for this 
case the combination of dilatation symmetry and a run- 
away solution should end in a fixed point. This makes a 
vanishing temperature particular due to the larger symme- 
try as compared to T ^ 0. One would be tempted to argue 
that our mechanism leading to A* = only applies for the 
"vacuum" (T = 0), whereas the temperature fluctuations 
should be considered as an additional ingredient such that 
an apparent jump U m i n (T) between high and low T needs 
no tuning. 



The situation is more complex, however, since we can 
also decide to scale the temperature T by keeping the tem- 
perature in the Einstein frame T fixed. With all particle 
masses scaling ~ x it is a natural choice that also the tem- 
perature units scale with x- A given thermodynamic equi- 
librium situation corresponds then to fixed T, and therefore 
T r*> x- With this scaling the fundamental dilatation sym- 
metry is no longer broken by temperature effects. (This 
contrasts to the breaking of the effective low energy dilata- 
tion symmetry by temperature effects.) In consequence, 
the flat valley associated to the spontaneous breaking of 
the fundamental dilatation symmetry persists in the pres- 
ence of temperature effects. What changes, though, is the 
location of the flat valley. Instead of being defined by 
\xh \ = hHX for T = 0, it changes to xh = for T > T c . As 
a consequence, the location of the fixed point for A changes 
to 

A(T) = A* + X H h 4 H /2 — ST 4 /M 4 . (23) 

For A* = one finds a nonzero A(T), dominated for large 
T by the term ~ ST 4 . This reflects simply the free energy 
for the relativistic Higgs scalars and other particles of the 
standard model. Also the term ~ Xh should be considered 
as part of the free energy. In a more realistic model for 
the electroweak phase transition this term would have a 
more complicated temperature dependence - it is part of 
the pressure p(T) = -X H h 4 H M 4 /2 + ST 4 of the standard 
model particles. 

The stability argument in favor of a fixed point at A* = 
was based on the sign of the /3-function for small A at zero 
temperature. Temperature effects induce a modification 
of the effective /3-function, <91n A(T)/<91nx ^ d In A/9 In x- 
For T ^ stability no longer requires A(T) > 0. Instead, 
the pressure for the standard model particles should be 
positive. For large T the pressure may dominate such that 
A(T) w —p(T)/M 4 becomes negative. The stability argu- 
ment for vanishing A* singles out a particular temperature, 
namely T = 0. This is the reason why A(T) vanishes pre- 
cisely for T = 0, but not for T ^ 0. 

We can easily translate these findings to the Einstein 
frame. With <pn = {M/x)xh , U = (m/x) 4 U we find 

U = A*M 4 + ^-(<p* H <p H ~ h 2 H M 2 ) 2 + jT 2 <p* H ip H - ST 4 . 

(24) 

Indeed, for fixed T the effective potential does not depend 
on if, corresponding to the flat valley in the Goldstone 
direction. On the other hand, for fixed T the flat valley 
disappears, since the replacement T — (M/x)T induces an 
explicit x~ or "^-dependence for the temperature effects. In 
principle, the choice of T or T is a matter of convenience 
since it corresponds to a choice of different variables for 
the free energy. Using T seems, however, by far the most 
simple choice for most situations. 

The effective potential (|2"41 is a standard description of 
the temperature dependent Higgs mechanism. If we inter- 
prete the contribution Xnh 4 H M 4 /2 as part of the cosmolog- 
ical constant there is indeed a "jump" when \<Ph \ is turned 
on for T < T c . A better description realizes that this is 
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part of the pressure (together with the term ~ ST 4 ), which 
jumps from a positive value to almost zero at the time of 
the phase transition. 



DILATATION SYMMETRY IN HIGHER 
DIMENSIONS 



( 12) How do higher dimensions affect the issue of dilatation 
symmetry? 

We have argued that the computation of the dilatation 
anomaly concerns dominantly the fluctuations with mo- 
menta of the order of the Planck scale or, more generally, 
the highest scale for masses of particles. Within higher di- 
mensional theories, this is typically the scale below which 
the world looks effectively four dimensional. In terms of 
a characteristic compactification scale M c = e c \ = L^ 1 
the higher dimensional world can be resolved for momenta 
larger than M c , whereas observations with a long wave- 
length larger than L c have insufficient resolution of the 
additional internal dimensions, leading to an effective four 
dimensional description. Typically, L c is a characteristic 
length scale for the geometry of internal space, including 
warping [l| • In case of brane worlds it may also represent 
the thickness of the brane, cf. sect. IVIIII For e c indepen- 
dent of x t ne compactification scale M c is proportional to 
the (four dimensional) Planck mass. 

While M c acts as an effective ultraviolet cutoff for the 
validity of the four dimensional description, it is an effec- 
tive infrared cutoff for the validity of the higher dimen- 
sional description. From the higher dimensional point of 
view the issue of the dilatation anomaly concerns the in- 
frared physics. Cosmologies with a time evolution of M c 
correspond to a change in the effective infrared scale of the 
higher dimensional theory. This change of perspective may 
influence our view of the problem. Within higher dimen- 
sional cosmology, the scale M c is a dynamical scale associ- 
ated to the properties of cosmological solutions. Therefore, 
an evolution in internal geometry affects the issue of the 
four dimensional cosmological constant. 

It is not difficult to write down a dilatation symmetric 
model in d = 4 + D dimensions. We consider here gravity 
and a scalar field £. For a standard kinetic term, the field 
£ has dimension mass ( d ~ 2 )/ 2 such that a dilatation sym- 
metric coupling to the higher dimensional curvature scalar 
R is always allowed 



(25) 



Here F contains suitable contractions of d/2 powers of the 
curvature tensor R^aX , as well as terms where one or sev- 
eral powers of R^ a \ are replaced by pairs of covariant 
derivatives. This term is allowed only in even dimensions. 
An example is F = rR d / 2 . For d^6no polynomial poten- 
tial Ud{C) is consistent with dilatation symmetry. This is a 
noteable difference from d = 4 where £ 4 is dilatation invari- 
ant, or d = 6 where £ 3 is allowed. (A non-canonical kinetic 
term, say £ d ~ 4 <9£d£, would change the dimension of £. Now 



£ d would be invariant. However, after rescaling to a stan- 
dard kinetic term this would appear as a potential involving 
fractional powers of £, Ud ~ £2d/(d-2)^ a case that we w i\\ 
not consider here.) For simplicity, we restrict our discus- 
sion to d ^ 2 mod 4 - otherwise additional invariants of the 
type £i?( d + 2 )/ 4 would be possible. (For d — 2 mod 4 such 
terms may be forbidden by a discrete symmetry £ — ► — £.) 
In general, F will involve dimensionless couplings like r. 
Let us first discuss 



F = T R d ' 2 



(26) 



and address later the issue of a more general form of F. 
If our picture of a runaway solution is valid and the di- 
mensionless couplings £ and r run towards fixed points, 
there should be asymptotic solutions with effectively con- 
stant C and r. We study this case first and consider the 
field equations for £ and <7 M „ 



and 



(D 2 £ = -i?£, 



£ {Run 2^9fj.i^) — Tjl + Tp V . 



(27) 



(28) 



The energy momentum tensor for £ gets modified due to 
the £ 2 i? coupling, 

T$ = td^dvZ - ^VtBptgnu + D v D„e - D 2 £ V. ( 29 ) 

where D M denotes a covariant derivative, wit D 2 = D p D p . 
We have also written the contribution of the higher cur- 
vature invariant ~ r in the form of an energy momentum 
tensor 



rp(r) 



-TRig^ + rd 



r>— — 1 

R 2 Ray 



- - 1 ) R 2 - Z {D U D^R - D 2 R 9fl „) 



M i - - 2J i?2-3 
{D^RD.R - D p RD p Rg^) 



(30) 



This is for pure convenience - we may put this piece on the 
l.h.s. of eq. I[28p and interprete it as a modification of the 
gravitational part of this equation. 

Possible solutions with constant £ (9 M £ = 0) must have 
R = according to eq. ([270 . Then eq. ([280 implies that the 
higher dimensional space must be an Einstein space, R^ u — 
\Rg^ v = 0. We discuss higher dimensional Einstein spaces 
that lead to a vanishing effective cosmological constant in 
four dimensions in the appendix. It is encouraging that 
such solutions exist - they are candidates for the asymptotic 
state of the universe for t — > oo. However, it is not clear at 
this point if the universe evolves towards such a state, or 
towards possible other solutions with a nonvanishing four 
dimensional cosmological constant. We therefore keep our 
discussion general and concentrate on qualitative aspects. 
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Even for a universe that is homogeneous in the "normal" 
three space coordinates and static, the scalar £ may depend 
on the internal coordinates, leading to 9 Q £ 7^ 0, with a = 
1 . . . D denoting the internal coordinates y a . In this case 
the curvature scalar R does not automatically vanish. We 
may contract eq. ([28]) with g^ v 



(± _ 2 ) Ri-3d?Rd p R^ = -(T^% (31) 



where 



(T («)£ 



2 C 2 



1 )Cd^d p C-(d-l)D^ 



l C + 2(d-i) 



dpzd p a 



2{d-l) 



em) 



In the last identity we have used the field equation (f2"T)l . A 
solution with R = exists only for 9 p £ = 0. 

(^3,) What determines the asymptotic value of the effective 
four dimensional cosmological constant? 

We are interested in a class of possible solutions, for 
which asymptotically all effective four dimensional scalar 
fields become static and homogeneous in the ordinary three 
space dimensions. This will include the asymptotic state 
of the runaway solutions discussed in sect. [Til m the 
sense that the kinetic energy of the scalar field vanishes 
for t — > 00. Such solutions do not necessarily lead to a 
flat geometry in three space dimensions, however. For ex- 
ample, the asymptotic solution may be characterized by 
a positive effective four dimensional cosmological constant 
(De Sitter space) or a negative one (anti De Sitter space). 
We therefore look first for solutions where the four dimen- 
sional metric can differ from flat space, while the field £ 
depends only on the internal coordinates, but not on time 
and the ordinary three space coordinates. We will general- 
ize this discussion later by allowing £ or the typical length 
scale of internal space L to depend on time. 

Let us consider the following general ansatz for the 
higher dimensional metric 



(33) 



From now on we denote the (i-dimensional objects with a 
hat, in order to distinguish them from four dimensional 
objects (/i, v = . . . 3, /t, v — . . . d — 1, a, /3 = 1 . . . D). 
The (i-dimensional curvature scalar R involves the "warp 
factor" cr(y) and we decompose [l4| 



R = R^(x)a- 1 (y)+R D (y), 
R D = R [D) - o-- 2 d a od a o - A<j- 1 D 2 a, 



(34) 



with i?( 4 ) and R( D ^ the curvature scalars built with the four 
dimensional metric g$(x) and the internal metric g^\y), 
respectively. For a maximally symmetric four dimensional 



space the curvature scalar R^ becomes independent of 
x. For a cosmological solution, it is proportional to the 
effective four dimensional cosmological constant. 

We want to determine R^ as an integral over internal 
space, where the integrand involves suitable combinations 
of g^g{y), &{y) and For this purpose, we will follow 



two approaches. The first will use the field equation (|27| 
for £. The second will employ an effective four dimensional 
theory, which is valid if R^ is sufficiently small as com- 
pared to M 2 . The combination of the two determinations 
will yield R^ /M 2 - r. In particular, for a small enough 
dimensionless parameter r the four dimensional curvature 
scalar turns out much smaller than M 2 , such that the di- 
mensional reduction becomes self-consistent. The validity 
of dimensional reduction, R^/M 2 <C 1, extends, however, 
to a wide class of solutions and covers all realistic cosmolo- 
gies. 

Let us first employ the field equation (f2"T)) and integrate 
over the higher dimensional space 



g 1/2 K0 2 ^ + t 2 R} = 



7V2 



U 2 i? - (d^d^} = 0. 



This important relation can be derived independently by 
integration over the trace of the gravitational field equation 
(f3~Tj) . We insert the decomposition (fM)) and treat R^ as 
a constant. For £ depending only on y a , this implies 

i? (4) / fe /2 ^ 2 = / s^ViCd'W-^iM, (36) 



det(C 



Indeed, this determines R^ 4 ' in 



where g D - u » lJa(i 
terms of suitable y-integrals, independently of the details 
of the full solution for the field equations. In particular, 
the identity (|36p does not involve r. It will remain valid 
for a more general function F in eq. (|25p . provided that 
this function does not depend on £. 

Next we proceed to dimensional reduction. This is 
achieved by integrating out the internal dimensions. In 
principle, the reduced four dimensional action contains in- 
finitely many fields, but we are interested here only in the 
four-dimensional metric g$ (x) . For small enough RW we 
expand up to terms linear in R^ 



S 



gl /2 (x) 9 T{vV{v)[Mv) 



l -A 2 {y)R^{x) 



(37) 



with 



1 



A 2 



2 " 2 
a- 1 \e-rd(R D f>-i 



-{Rd 



,d/2 



(38) 



The coefficient of the term linear in R^ can be identified 
with the squared effective four dimensional Planck mass \i 



X. 



1/2 2 
9d ° 



An. 



(39) 
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Similarly, we infer the effective cosmological constant or, 
more generally, the effective potential U(x) as 

u(x) = I g^A,. (40) 

We note that the first two pieces in A\ contribute to the 
integral a structure exactly equal to the r.h.s. of cq. (f36|) . 

In the limit where d^x can be neglected, the effective 
four dimensional field equation reads 

X\R$-\R { * ) 9$) = -U{X)9$. (41) 

This is indeed equivalent to the higher dimensional field 
equations, provided that all fields except the scalars and 
gffi have vanishing values (e.g. spin-one fields and massive 
"Kaluza-Klein-gravitons" ) , and the scalar fields are (ap- 
proximately) static and homogeneous. One infers from eq. 
(|4"Tj) a second relation for R^ , namely 

^ (4) = \U{ X ). (42) 
X 1 

We can now combine eq. fl4"2")) with the field eq. for £, 
i.e. eq. (|36p . The latter can be written in the form 

R^^^U,, k= (43) 

M€ Jy 

where we define 

Ur = r [ g l jl 2 o\R D )i, (44) 
such that U — + U T . We also use 

X 2 = Me + Mr , Mr = -rd / g]l 2 a{R D )i^ 1 . (45) 
Writing eq. ([42]) as 

R {i) = ^—(U^ + Ur), (46) 

we conclude that the solution f (y) always adjusts itself such 
that 

In consequence, the effective potential is proportional to t, 
U = Ut + U T = tl±B, Ut (4 8 ) 

Ur - Hz 

This answers our question: the asymptotic value of the 
effective four dimensional constant U is proportional to r 
and to an integral over (i?£>) d / 2 . It vanishes for r = or 
R D = 0. 



We note /Zf > and we will choose r > such that 
for d = 4 mod 4 one infers U T > 0. The sign of Rd is a 
priori not fixed. (Our conventions imply a positive 
for a sphere.) Any realistic cosmology requires a positive 
gravitational "constant", x 2 > or [i T > — Me- A pos- 
itive effective cosmological constant, U > , i?^ 4 ^ > 
requires by eq. (|43[) C/^ > 0. Such solutions can only exist 
for [i T > jtij (cf. eq. (|4T| . In turn, a negative cosmolog- 
ical constant, U < , i?^ 4 ^ < can only be realized for 
pb r < fi£. Solutions with an asymptotically vanishing cos- 
mological constant, U = 0, require U T = 0, and therefore 
= 0. No restriction on p, T (except p, T > — Me) arises in 
this case. 

Special solutions are those with £ = const.. These 
are the same solutions as for a model without a dila- 
ton field, where £ can be regarded as a coupling constant 
that violates dilatation symmetry explicitely. As discussed 
above, the solutions for £ ^ are rf-dimensional Einstein 
spaces. For this case a class of warping solutions of the 
type (|3"3"|) has been discussed in |l4[. One finds solutions 
with arbitrary U, including U = 0. The static solutions 
with a vanishing four dimensional cosmological constant, 
AM 4 — UM 4 /x 4: = 0, are discussed in the appendix. (For 
£ = additional solutions exist since R = is sufficient.) 
We will remain here more general and include the possibil- 
ity that d a i ^ 0. 

We will discuss later solutions where both U T and /x T //xj 
vanish asymptotically. Eqs. (|42[) and (|4"6"|) can be obeyed 
simultaneously only for = 0, and therefore a vanish- 
ing cosmological constant U = 0. We will see that this is 
indeed the case for these solutions. For the approach to 
this asymptotic solution, eq. (gSJ) may suggest a negative 
U. We point out, however, that our discussion only holds 
for the asymptotic state, where terms ~ d^x and possible 
contributions to the field equations from incoherent matter 
and radiation can be neglected. As a consequence, eq. (|4"T|) 
cannot be used for the approach to the asymptotic state 
and should be replaced by a more general relation 

Ut = QU T , U=(l + Q)U T , (49) 

with Q a constant depending on the particular approach 
to the asymptotic state. This is justified whenever the 
contributions neglected for our discussion of the asymptotic 
state are of the same order as U. If they a smaller, Q is 
given by cq. (|4T|) . If they are much larger, our discussion 
of the asymptotic solution may need to be modified. The 
property (|49p will be important for our later discussion, 
since it implies that the ^-dependent contribution does 
not induce a characteristic scale that is very different from 
the pure geometrical contribution U T . The scale for U is 
only set by Rd- 

(14) How does the compactification scale influence the 
asymptotic cosmological constant? 

The geometry of internal space typically involves a char- 
acteristic length scale L = M~ Y . We want to understand 
how the effective potential U depends on this scale. For 
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this purpose we write g a J = g a p(y)L 2 and we consider 
the dependence of the four dimensional effective action on 
L, while keeping g^° , a and £ fixed. If L is allowed to 
depend on x it will appear as a four-dimensional scalar 
field, often called the "radion". Similarly, we may make 
an ansatz £ = £(x)£ ^°'{y) with a fixed reference function 
^°\y), which is typically proportional to a solution of the 
field equations. Again, £(x) is a four-dimensional scalar 
field. The four dimensional effective action (|37p. with eqs. 
(|39p. (|40|) . allows us to interprete t/ as the effective poten- 
tial for the scalars L and £, and to study the dependence of 
the effective Planck mass x on these scalars. A computa- 
tion of the kinetic terms of the scalars requires to introduce 
L(x) explicitely in the ansatz (|33|) and to take terms ~ 
into account. With g^ 2 ~ L D , Rd ~ L~ 2 we infer 

U = c 1 L d - 2 Z 2 +tc 2 L-\ (50) 

where c\ and C2 depend on the precise shape of internal 
geometry, the warping function a and the solutions £°) (y) . 

We will distinguish between two different types of so- 
lutions, the "scaling solutions" where £ 2 L D+2 is constant, 
and the "geometrical runaway solutions", where £ 2 L D+2 
diverges asymptotically. For the scaling solutions, £ scales 

with M c according to its canonical dimension, £ ~ M c 2 ■ 
For constant c±, c 2 > 0, we may compute the minimum of 
U(L) for fixed £. This "valley" is characterized by 

C=GorL-^ 2 K G = -^-^I, (51) 

D — 2 C\ 

We have displayed the dependence on t explicitely in or- 
der to see that a multiplicative rescaling of r comes in pair 
with a similar rescaling of £ 2 . in fact, this holds for all so- 
lutions derived from the action (125p . (|26[) . since a common 
rescaling of r and £ 2 only results in an overall multiplicative 
factor for the action and does not affect the field equations. 
The valley (fSTj) is, however, not the true trajectory of the 
solutions. The couplings of £ and L to the four dimensional 
curvature scalar modify the exact location of the val- 
ley. The latter can only be computed in the Einstein frame 
and will lead to a different value of Go- We discuss the de- 
termination of Go in the next section, both for constant Cj 
and for Cj depending on L and £. 

Inserting eq. (fB"Tj) one finds the effective potential along 
the valley 

U v =L~ i (c 1 G + c 2 T). (52) 

For constant c\ , c 2 and Go the effective potential U v van- 
ishes for L — > oo. One may therefore expect that cos- 
mological solutions where L — > oo lead to an effectively 
vanishing cosmologocal constant. This does not necessar- 
ily hold, however, in our dilatation invariant setting. The 
crucial quantity is A = f//% 4 , and we need the dependence 
of x on L, 

X 2 = c 3 L D e + tc 4 L- 2 , xl = (c 3 G + c 4 r) 7T 2 , (53) 

where the second identity in eq. ([53")) holds for the scal- 
ing solution. For the solutions of the type (|S"Tj) one finds 



that A* becomes independent of L. For c± = it is propor- 
tional r. We conclude that for an exact higher dimensional 
dilatation symmetry the valley solutions typically lead to 
A* 7^ and therefore to a non-vanishing four dimensional 
cosmological constant. We will see in sect. IVIII how a 
higher dimensional dilatation anomaly may induce r — > 
and therefore A — > 0. 

A second class of solutions are the geometrical runaway 
solutions, where £ i 2 L D+2 diverges asymptotically. A par- 
ticular realization corresponds to constant £ and increasing 
L — > oo. Then the effective four dimensional cosmological 
constant indeed vanishes asymptotically for L — > oo 

A = £l r 2 ir^+ 2 )^(L X) - 2 . (54) 

Such solutions lead generically to an asymptotically van- 
ishing cosmological constant. 

(15) Can geometrical runaway solutions solve the cosmo- 
logical constant problem? 

From the cosmological point of view, the geometrical 
runaway solutions, £(t) — * const, L{t) — > oo, are perfectly 
valid solutions of the cosmological constant problem. In- 
deed, solutions of this type have been discussed in detail 
[l5| in the context of a six dimensional gauge theory. The 
asymptotic vanishing of the cosmological constant is sim- 
ply due to the fact that x increases with a higher power 
of L than U. For constant £ this is rather generic, since 
X 2 increases ~ L D , and U increases at most ~ L D . (In 
our dilatation symmetric setting without a higher dimen- 
sional potential V(£), the increase of U is actually only 
~ L D ~ 2 .) We note that geometrical runaway solutions can 
also arise in a more general context, where £ changes but 
decreases less fast than L ~ . (The scaling solutions cor- 
respond to the boundary where no geometrical runaway 
occurs anymore.) In our model, the term ~ tR? becomes 
asymptotically irrelevant for the geometrical runaway so- 
lutions, as far as the contribution to x 2 is concerned. It 
may influence, however, the geometry via g^'a and x'' ''- 

For a geometrical runaway solution, the value of L at late 

_ 2 

times is large as compared to £ D + 2 , but not yet infinite. 
In this sense the geometrical runaway solutions are mod- 
els of large extra dimensions where a large effective 
Planck mass is associated to a large size of internal space. 
Such models with large extra dimensions have been noted 
already among the first realistic Kaluza-Klein cosmologies 

m- 

In a four dimensional description, the geometrical run- 
away typically leads to an effective potential that vanishes 
exponentially with tp, e.g. eq. ([1]) with A* = 0. In the 
dimensionally reduced effective action the kinetic term for 
L appears in the form 

- Hkva = \ {c 5 i 2 L D - 2 + Tc 6 L- 2 )d^Ld»L, (55) 

where the term ~ r becomes negligible for L — > oo. After 
Weyl scaling, this term gets multiplied by M 2 /x 2 , such 
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that in the Einstein frame 



-41 F) ~ M 2 L~ 2 d»Ld,L , 



u = 



4 e 



Therefore the field with canonical kinetic term reads, with 
L = £- 2 /( D + 2 ) 5 and for constant Ci,C3, 

<p = KMln(L/L ) , [/ ~ M 4 exp( — (^±j) ji\. (57) 

^ k M J 

We find indeed an exponential potential U(ip), with A* = 0. 

We can cast the physics of the geometrical runaway so- 
lution into the form of a renormalization jjroup equation 
for the x-dependence of the coupling A = U /x 4 , namely 



dX 
dlnx 



= -4A + x~ 



(D 



dU d\nL dU <91n£ 



d In L d In \ 9 In £ d In x 



dlnL dln£ 



d In x d In x 



Here we have neglected the contribution ~ r in eq. ()50D . 
We note that for a variation of x at constant £ one has 
<91n£/<91nx = and dlnL/d\n X = 2/D (cf. eq. (O with 
r = 0). This is indeed of the form ([TO]), (fTT]> 



_9A_ 

<91nx 



= -AA 



.4 = 2 + -. 



allowed by nucleosynthesis [18J. Similar problems may 
be expected for a time dependence of the Fermi scale of 
weak interactions. However, already the first ideas about 
quintessence have emphasized that for any realistic cos- 
(56) mology the change in the ratio Myy/M p must have been 
small for all epochs after nucleosynthesis [ll|. The mass 
of the VF-boson M\y must scale proportional to x for any 
realistic cosmology. This seems far from obvious in simple 
realizations of electroweak symmetry breaking in a higher 
dimensional context. 

Finally, if the gauge symmetries of the standard model 
are realized as isometries of internal space, the effective 
gauge coupling typically shows a strong dependence on L 
[15l |. This also holds for simple internal geometries if the 
four dimensional gauge symmetries are part of the gauge 
symmetries in a higher dimensional model [15j . A strong 
dependence of the gauge couplings on time is not com- 
patible with observation. We conclude that the problems 
of geometrical runaway are not the understanding of an 
asymptotically vanishing cosmological constant - this is 
solved naturally. They arise from the difficulty of realiz- 
ing non-trivial fixed points for the dimensionless couplings 
and mass ratios in the standard model. We will turn to a 
possible solution of this problem in sect. I Villi 

A second potential problem is connected with the size of 
internal space at the present epoch. The present value of x 
is given by the (reduced) Planck mass, x(*o) = M « 10 18 
GeV, and observation requires for the present value of the 
cosmological constant A(to) ~ 10~ 120 . From eq. ([5"4"]l one 
infers 



(58) 



(59) 



Geometrical runaway naturally realizes both a positive 
anomalous dimension A > and a fixed point value A* . 

The presence of an anomalous dimension A > may ap- 
pear as a surprise, since the effective action (|25[) is fully di- 
latation symmetric. For the geometrical runaway solutions 
the fundamental dilatation symmetry is spontaneously bro- 
ken by a constant value of £. Since the effective four di- 
mensional gravitational constant is given by the field Xi 
we may formulate an effective four dimensional dilatation 
symmetry in the sector of gravity and x- It is broken by 
the potential U (x) , but restored in the limit x ~~ * 00 where 
U — > 0. We emphasize that the fundamental dilatation 
symmetry plays no essential role for the geometrical run- 
away - this occurs equally for models where £ is set as a 
constant in a higher dimensional action witout dilatation 
symmetry. 

The reason, why geometrical runaway solutions with 
large extra dimensions have not been investigated more 
intensively in the past, is related to the particle physics 
aspects of such a solution to the cosmological constant 
problem. Indeed, while a fixed point A* = is realized 
naturally, a non-trivial fixed point for the gauge couplings 
or the Yukawa couplings of the standard model is less ob- 
vious. As we have discussed in sect. IIII1 realistic parti- 
cle physics and cosmology need h* ^ 0, A* = 0. In the 
simplest setting one would associate L _1 with the unifi- 
cation scale Mqut of a grand unified model. Then the 
geometrical runaway would lead to a strong decrease of 
M GUT /M p - (LxY 1 ~ L- {D+1 \ much stronger than 



L(t )M 



C3X(t ) 



10' 



(in 



(60) 



For ci of the same order as C3 this implies that the present 
characteristic size of the internal dimensions is comparable 
to the present horizon H(to)~ 1 . This means that they are 
not small and gravity in the solar system would look multi- 
dimensional, obviously in contradiction with our everyday 
experience with three space dimesions. We note that the 
estimate (|54|) and therefore eq. ([60]) are independent of the 
assumption of constant £ - they hold for all geometrical 
runaway solutions with arbitrary £(£). 

A possible solution to this problem is c\ = 0, or ci de- 
pending on L such that the power in eq. ([54]) is changed 
to 



A ~ (L X ) 



(61) 



For sufficiently large K the present length scale for internal 
space is indeed small enough in order to escape detection 
with present experiments. From 



L{t )M w 10 12 °/ A ' 



(62) 



one finds for K > 4 an "internal size" L(to) < 10 3 eV~ 1 . 
For constant £ an analysis similar to eqs. (|56[) - ([59]) replaces 
D + 2 by K. We obtain again an exponential cosmon po- 
tential, with 



.4 



2K 
K-2' 



(63) 
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At this point the field equation for £ plays a crucial role 
in our dilatation symmetric setting. Combining the iden- 
tity (|35| with dimensional reduction, we have obtained the 
general relation = QU T , with (approximately) constant 
Q. This yields 



Cl 



£2 L D+2 



Qc 2 , U = tc 2 (1 + Q)L- 



(64) 



The self-adjustment of according to eq. (|35|) indeed 

implies a vanishing of c\ for L — > oo. For constant f , r, C2, Q 
we infer AT = 2D + 4. For £) = 6(12) this implies a small 
internal space at present 



Ln 



10~ 2 (10 8 )GeV, 



(65) 



such that only the problem with time varying couplings 
remains for the geometrical runaway solutions. The asso- 
ciated scale of the effective higher dimensional Planck mass 
is 

£d+2 = io T^T^M fa 10 12 (10 15 )GeV. (66) 



VI. SIMPLE MODEL WITH VANISHING 
COSMOLOGICAL CONSTANT 

Let us consider the model with r = or F — in eq. 
(|25|) . We will see below that this situation is approached 
dynamically for several of our scenarios. The field equa- 
tions simplify considerably 



D 2 i = 



c. 



+D D^ 2 - D 2 eg fl o 



Taking the trace of the second equation 



(67) 



(68) 



C e I ' (d-2)C 

and inserting into the field equation for f , yields 

6D 2 e + = o , D 2 e = o, 

9p{ff 1/2 ^0 = o , i 2 R = (d^dpt (69) 

We conclude that for any solution of the higher dimensional 
field equations, the Lagrangian and the action vanish. Us- 
ing the decomposition (|33 p .(|34 p one finds 

a- 1 (R<$ - (d" ln £0 M ln £) = -R D + (d a ln £,d a Inf. (70) 

We may perform dimensional reduction and find for 
small enough R^\d^d^ and d^Ld^L the effective four 
dimensional action S = ^ x (g^) l / 2 C 

-C = c,eL D - 2 + l -c,L D {d^d^ - i 2 R (i) } 



--cstL^-^Ld^L. 



(71) 



Here we have made again the ansatz £(x) = £ ^(y)£(x) and 
we generalize eq. (|33| by g a p = L 2 (x)g < fl (y). We want to 



evaluate 



1 



Cl 



^(^ 0) ) 1/2 (C^ (0) 9ae (0) -^ (0)2 ^ 0) ), (72) 



where .R^) i s computed with g„l, and in eq. (|72|) this 
metric is also used to raise and lower internal indices. 

We have to specify the criteria for the selection of the 
functions o(y), g^piv) an d f° r which ci, 03,05 are 

computed. The dimensionally reduced action (|7ip may be 
regarded as an expansion of the higher dimensional action 
in the small quantities R^ , c^f <9 M f and d^Ld^L, where 
the integration over the internal coordinates y is performed. 
We therefore expand around some metric of the type (|33l) . 
where g$ = n^ v , and L(x) takes a constant value. Also 
£(y,x) — C i s taken independent of a; with arbi- 

trary constant f . Our criterion for the selection of a, g^ 

and e (0 is now that these functions should correspond to 
a solution of the higher dimensional field equations with 
i?( 4 ) = 0, £(x) = £,L(x) — L. Such solutions indeed exist 
- for the special case f (°) (y) = const, they are discussed in 
the appendix. 

For a computation of Rp we may use the a/3-component 
of the second field equation (|67|) 



(73) 



R a /3 - ^Rg a/ 3 = -Is (cda$dp£ - ^£, 2 Rg a p - D p D a £_ 2 
Contracting with g@ a , we obtain 

= Cd a ln£d a lTiti+-^D»D^ 2 . (74) 

Here we have also used eq. . We can next employ = 
0. For the solutions with R^ — one finds R a $g^ a = Rd 
and therefore 



R^ ] =C,dp\u^d a \n^g^ a P. 



(75) 



This yields c\ = 0, such that the effective four dimensional 
Lagrangian (|7ip contains only derivative terms. 

In other words, expanding around an internal geometry 
where g^,cr and f^ correspond to a higher dimensional 

solution with vanishing R^\ leads to a consistent dimen- 
sional reduction. The effective four dimensional theory in- 
deed admits solutions where R^ = 0, f(x) = const, L = 
const., such that the effective four dimensional cosmologi- 
cal constant vanishes. This may seem trivial, since we have 
expanded around a higher dimensional solution with flat 
four dimensional space. A closer inspection shows, how- 
ever, that the property of a consistent dimensional reduc- 
tion, combined with static f and L, singles out the cos- 
mologies with a vanishing cosmological constant. In order 
to demonstrate this, we also expand around possible neigh- 
boring geometries that correspond to higher dimensional 
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solutions with a nonvanishing constant R^ ^ 0, with £ 
and L independent of x. Dimensional reduction for such 
geometries leads to a nonvanishing constant c%, 



C3- 



(76) 



We will wee that dimensional reduction for such geometries 
is not consistent with static £ and L. 

For this purpose we solve the field equations that follow 
from the variation of the four dimensional action with re- 
spect to gjtJ ,£(x), L(x). It is convenient to perform a Weyl 
scaling 



(4) _M^_ 

^ v L°ec 3 



9^- 



(77) 



In terms of the metric g^ v in the Einstein frame, the four 
dimensional action becomes 

f ( 1 M 2 

~S = J 5 1 /2|__ M 2 i?+ _ rin ^ lnC 

C3 



ciM 



; r 2 L -(D+ 2 )| 



We may introduce the "radion" 

■P+2 

<p = J V ln(§L ^ ) 
and a dilaton type field 

5 = ls Mhx{^) 



(78) 



(79) 



(80) 



with ?7,70,75 chosen such that the kinetic terms of <p and 
5 are orthogonal and normalized, 



Cl M 4 



1, 



■ exp 



2ip 



(81) 



For ci = the late cosmology has attractor solutions 
for which ip and 6 settle to constant values. (These val- 
ues depend on the initial conditions.) We end with the 
Einstein equations with a vanishing four dimensional cos- 
mological constant! We conclude that the solutions with an 
asymptotically vanishing four dimensional curvature scalar 
R = 0, i?*- 4 ) = are compatible with dimensional reduc- 
tion. 

This coincides with the simple observation that for an 
effective cosmological constant A*M 4 in the Einstein frame, 
the solutions of the field equation 



1 2 



(82) 



obey R = 4A*M 2 . Reinserting into the action, this would 
yield 



S 



g 1 ' 2 (a*M 4 



M 2 



-R 



g 1 / 2 X*M 4 . (83) 



Only A* = is compatible with the observation that S 
vanishes for all solutions of the higher dimensional field 
equations, as mentioned after eq. ([6"9|) . 

What happens with possible higher dimensional solu- 
tions where R^ ^ 0, c\ ^ 0? After dimensional reduction 
and in the Einstein frame, they lead to solutions where ip 
is not static, but rather evolves asymptotically to infinity, 
while a static S is allowed. In consequence, the curvature 
scalar R in the Einstein frame and the effective cosmo- 
logical constant vanish asymptotically. At any finite time, 
however, R, U (ip) and d^tpd^tp differ from zero. The curva- 
ture tensor in the Jordan frame R^ receives contributions 
from R and from kinetic energy associated to the evolution 
of £ and L 



R^ 



_C3_ 

M 2 



eL°\R 



60" ln(eL D/2 )<9 M ln(eL*) 
QD^D^hx{(,L D ' 2 )\. (84) 



A nonvanishing R^ can be consistent with an asymptoti- 
cally vanishing R. The precise relation of four dimensional 
solutions for c\ ^ and (p moving to infinity and possible 
higher dimensional solutions remains to be clarified. We 
concentrate on the solutions with c\ = for which dimen- 
sional reduction is fully consistent with static £ and L. 

For ci = 0, both ip and S correspond to flat directions or 
valleys. The flat direction for S persists as long as dilatation 
symmetry is exact, while a higher dimensional dilatation 
anomaly will induce a potential for S. This will be discussed 
in the next section. On the other hand, the flat direction 
for the radion field is a property of the very simple action 
with r = 0. A nonzero coupling r will typically induce a 
potential for the radion. Now, an additional contribution 
to the potential arises from dimensional reduction of the 
term ri? d / 2 , and also ci = is no longer a solution. We 
will discuss this more general setting in the following. We 
will also see how a dilatation anomaly may drive r towards 
zero, such that asymptotically the simple action with r = 
becomes relevant. 



VII. DILATATION ANOMALY IN HIGHER 
DIMENSIONS 

A higher dimensional dilatation anomaly can be associ- 
ated to running dimensionless couplings. In our model, the 
parameters C and t may depend on £. Let us consider a 
constant £ and a running of r according to an anomalous 
dimension 







dln£ 

The resulting behavior 



T = -A T T. 



(85) 



(86) 



can lead to an asymptotic vanishing of r. This makes such 
models interesting candidates for an asymptotically van- 
ishing dark energy. 
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For a ^-dependent coupling r(£) the higher dimensional 
field equations (f2"T)l , (f2"8"| get modified. Nevertheless, the 
qualitative behavior of cosmological solutions can be under- 
stood from the properties of the four-dimensional effective 
potential in the Einstein frame 



M 4 - 



U = —rU = MX = M 4 r(0 



4 ^+^(0+^2 



r 



(c 3 L^+ 2 £ 2 + C4 t(£)) 2 ' 



We may perform a change of variables and write 
U(r, G)/M- : : T 



(87) 



_ cxG/t + c 2 (1 + Q)c 2 



(c 3 G + c 4 r) 2 (c 3 G + c 4 r) 2 ' 
G = L D+2 e. (88) 

Valley solutions are realized asymptotically if, for a 
fixed r, U(G) has a minimum at Go- Then L(£) = 
(G /£ 2 ) 1/(£l+2) defines the valley. Along the valley the 
effective potential 



U v {t) = U t , U = 



U(t,G ) 



(89) 



decreases to zero as r goes to zero. The presence of U v 
indeed drives £ into the direction for which r decreases, 
thus leading to asymptotically vanishing dark energy for 
t — ► oo . Furthermore, if Go, c 3 ,C4 depend only weakly on 
r, we can neglect the term ~ c 4 as r — > 0, resulting in 



A 



t(1 + Q)c 2 _ (1 + Q)c 2 t(0 



c|G 2 



£4£2(D+2) ' 



(90) 



For constant c 2 , c 3 and Q no valley is present in eq. (|9U)) . 
In this case the solutions correspond to geometrical run- 
away solutions where G — > 00. Solutions wit G — > Go 
therefore require a nontrivial dependence of Q, c 2 , c 3 on G 
even in the limit r — > 0. This will depend on the detailed 
geometry. In particular, we recall that the field equation 
for £ receives an additional contribution from dr/dt;, thus 
modifying Q. For r — ► the geometrical properties lead- 
ing to a nonzero Go may become independent of r, such 
that Go approaches a r-independent constant. The only 
remaining r-independence in A is then the overall factor 
of t which drives r — > 0. We will call the solutions with 
constant Go "anomalous runaway solutions" . They are the 
analogue of the scaling solutions discussed in the preceding 
section. The criteria for the existence of a valley solution, 
namely a minimum of Uq as a function of G, are the same 
for the scaling and the anomalous runaway solutions. In 
the first case r is some nonzero constant, in the second 
t -> 0. 

Anomalous runaway solutions can exist both for posi- 
tive and negative anomalous dimension A T . For A T > 
one finds asymptotically £ — > 00 and therefore L — > (for 
fixed Go). In contrast, for A T < the asymptotic behavior 
is £ — > 0, L — > 00. In the latter case the internal space 
is continuously expanding even in the present cosmological 
epoch, similar to the geometrical runaway solution. How- 
ever, this effect is now partially cancelled by the decrease 

fe 



Let us next discuss the evolution of the dimensionless 
combination With eq. (|53|) one has 



X 2 L 2 = (c 3 G + c iT ) 



ciG + c 2 r 
c 3 G + c 4 r 



(91) 



For the geometrical runaway solutions with G — > 00 we 
recover eq. (|60[) and therefore the same problem as in the 
preceding section, namely the issue of a potentially too 
strong time dependence of the couplings in the standard 
model. In contrast, for the anomalous runaway solutions 
this problem is absent. For constant c 3 Go and r — > one 
finds x 2 ^ 2 — * c 3 Go- In this case the compactification scale 
M c scales proportional to the Planck mass, M c ~ \- The 
dimensionless couplings and mass ratios of the standard 
model are functions of G and r. Typically, there may exist 
a limit r — * 0, where these couplings only depend on G. 
For G — * Go, and Go independent of r, the couplings will 
go to fixed points. We conclude that anomalous runaway 
solutions would precisely lead to asymptotic fixed points 
A* = 0, hi 7^ in the sense of the discussion in sect. 
HIl A residual time variation of the couplings, as discussed 
in sect. IIII1 may arise for solutions where Go or other 
geometrical features approach their asymptotic values for 
t — * only slowly. 

For anomalous runaway solutions the four dimensional 
anomalous dimension A can be related directly to the 
higher dimensional anomalous dimension A T . With 



Hx) = MO = M 



and (almost) constant 



X^^h,X^Xr ^G^c^\ 



C<2 



we identify 



A = — - — A T . 



(92) 



(93) 



(94) 



The solutions where x runs asymptotically to infinity, ex- 
ploring the ultraviolet, correspond to £ — > 00, L — > 0. 
In this case, a computation of A involves the ultravio- 
let behavior of the higher dimensional theory. It seems 
rather obvious that the four dimensional gluon fluctua- 
tions have not much to say about the issue of the cos- 
mological constant, as stated in our answer to the question 
(dU]). We notice that there are also realistic cosmologies 
for A T < 0, A < 0. In this case one has for increasing 
time x^0> £^0, L — > 00 such that cosmology ex- 
plores the infrared limit of the higher dimensional theory. 
Nevertheless, the dominant contributions for a computa- 
tion of A T remain in both cases the modes with momenta 
p 2 r^j x 2 ~ L~ 2 . From the point of view of the effective 
four dimensional theory, these are again the high momen- 
tum modes near the Planck mass. The cosmology with 
A > and A < is rather similar Q, both leading to an 
exponential potential (fT]). Only the sign in the definition 
of ip changes. 
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VIII. GEOMETRICAL RUNAWAY FOR WARPED 
BRANES 



As an example, we may consider two regions with a quali- 
tatively different r-dependence of n. For r < lb we take 



Warped branes [l3(, [l9| combine the idea that we may 
live in a type of membrane embedded in a higher dimen- 
sional world [2(| , with a warped geometry ■ We propose 
here that geometrical runaway solutions for warped branes 
could lead to a realistic cosmology and particle physics, 
provided the warping is strong and the fcrmions and gauge 
bosons of the standard model are concentrated near the 
brane. 

The discussion of the last two sections can be summa- 
rized in a simple formula 



v(x,L) 



X 2 L 2 

with G = £ 2 L D+2 , and 



c\G + c 2 t 
c 3 G + cat 1 



(95) 



ci 



(-2 



C 3 



(5 (o ))1/v ( W^o) _ h^Rf 



-d / (^ 0) ) 1/ V(4°¥- 1 - 

■>y 



(96) 



In eq. (|95|) we have replaced £ by x using eq. (|53|) , and 
is given by eq. (p4|) . using <j^. There are two possible 
alternatives for obtaining a realistic present value A (to) ~ 
10~ 120 . Either v is of the order one, and a small A obtains 
by geometrical runaway with \L — > oo. Or L) is a 
tiny quantity. We will explore next scenarios, for which 
the present value of L can be larger than the millimeter 
scale and therefore in a range where gravity is well probed. 

The large size L of internal space requires a new length 
scale h, and appropriate physics which prevents the inter- 
nal dimensions to become visible for typical experimental 
scales I > /;,. A possible mechanism for "hiding" the ad- 
ditional dimensions is strong warping or, more generally, 
a strong enough concentration of the "graviton wave func- 
tion" in a small region in internal space. Consider the 
function 

n(y)^a(y)g 1 I / 2 (y)e(y), (97) 

which is the integrand in eq. (|43[) for /i^. Assuming that 
the term /i T gives at most a contribution of the same size as 
we may interprete k(jj) as the graviton wave function 
in internal space. We will assume that the integral /i^ = 
J y K (y) i s dominated by a small region of internal space 
with linear size lb- 

In other words, the graviton wave function is strongly 
peaked near the brane, which we may locate at y = 0. We 
use cartesian coordinates y a in the vicinity of y = 0, with 
r 2 = 8 a py a yP , and assume that k depends only on r, such 
that 



drr D 1 n{r). 



(98) 



n(r) = k\l 



~ ,-(D+2-ei) _ e 



(99) 



where the dimensionless constant k\ may depend on 

g b = eii D+2), \ (ioo) 

with £ playing the role of an effective four dimensional field 
as in the preceding section. The central assumption is here 
that the geometry near the singularity is independent of 
the overall size L of the space in which the singularity is 
located. This is similar to known singularities, as black 
holes. We take t\ < D + 1 such that remains finite. 
Away from the singularity, for r > rb, we assume a similar 
behavior as eq. (|99[) . but now with constants £2, £2 and 
£2 > D + 1. Then the integral is peaked at r ~ lb and we 
obtain 



MS ~ Kill 



(101) 



As a second assumption, we consider situations where 
the characteristic scale of Rd is given by L, Rd — Rjj L~ 2 , 
and not by 4- Again this has an analogy for black 
holes in some cosmological background in four dimensions, 
where the curvature scalar is given by cosmology, typically 
R ~ H 2 , while the geometry near the black hole is gov- 
erned by a different scale, the Schwarzschild radius. As a 
consequence, ^ and fi T can have vastly different size and 
we may typically neglect /i r . If k\ reaches asymptotically 
a constant for large i, one infers 



x 2 - lb 2 - 



In terms of the coefficients (|9"Tj) this implies 



C3 



4 9b \L 



(102) 



(103) 



Similarly, we may estimate 

f i - / gT^^Ro ~ J a{y)n{y)L- 2 ~ K^^iT 2 , 

(104) 



where we assume 



a(y) = dil^r' 



(105) 



Here bi may depend on gb and we assume ei+r]i < D + 1. 
Dimensional analysis yields ci ~ ci ~ c^/ai , such that v is 
indeed of the order one if b\ is of the order one. A small A 
can therefore result from geometrical runaway \L ~* 00 • 
Furthermore, for G — > 00 the terms ~ r become irrelevant. 
If ci ~ G _1 , as suggested by the field equation for £ (cf. 
sects. [V] IVI|) . also v ~ G _1 can become much smaller 
than one. In this case a runaway of A towards zero can be 
realized by a simultaneous increase in xL and G. 

The new aspects for the geometrical runaway for branes 
arise from the relation (|102[) , x ~ ^(T 1 - Let us imagine 
that the wave functions of all standard model particles are 
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concentrated near the brane in the sense that only the ge- 
ometry in the range < r < l b influences the relevant 
dimensionless couplings and masses. Dimensional analysis 
implies for particle masses m and dimensionless couplings 
h 

m = l b 1 rh(g b ) , h = h(g b ), (106) 

with rh and h dimensionless functions of the dimension- 
less combination g b (|100[) . For a realistic particle physics 
it is now sufficient that the asymptotic value for g b reaches 
a constant fixed point g bt (or that h, rh, k\ become inde- 
pendent of g b ). Then h reaches a fixed point ft.* and the 
running of the dimensionless couplings stops. Similarly, the 
ratio between particle masses and the Planck mass reaches 
a constant, m/x ~ ™(<?b)- Also the effective unification 
mass Mqjjt = l b X is proportional to x- This constitutes 
a possible solution to the problem with time varying cou- 
plings for the geometrical runaway solutions. 

The second problem - the "large scale problem" - could 
also be solved. First of all , if c\ ~ G _1 the present value 
of L is sufficiently small such that internal space is not 
observable, as discussed in sect. [V] Furthermore, it seems 
reasonable that the standard model particles are subject 
to an effective four dimensional gravity for all scales I > l b . 
The effective unification scale l^ 1 can be large, perhaps 
in the vicinity of the Planck mass, such that solar system 
or laboratory observations only see standard gravity, even 
if L turns out large. For the validity of an effective four 
dimensional gravity it is necessary that the infinitely many 
four dimensional tensor fields, that result from the higher 
dimensional metric g^ v {x,y) beyond the four dimensional 

metric gjxJ(x) - the tower of Kaluza-Klein modes - play 
only a negligible role for the interactions of the standard 
model particles. 

If the problem of time varying couplings is solved by 
concentrating the wave functions of the standard model 
particles and the graviton near the brane, the geometrical 
runaway becomes a very interesting candidate for a solution 
of the cosmological constant problem. The effective cosmon 
potential goes to zero for large cp, according to eq. (|57|) for 
constant ci , and according to 

for ci ~ G , with k determined by the coefficient of the 
kinetic term for InL in the Einstein frame after dimen- 
sional reduction. The fact that it goes to zero and not to 
a constant arises from the runaway of the size of internal 
space, L — > oo. 

IX. ADJUSTING INTERNAL GEOMETRY 

The discussion in the preceeding section relies on the 
possibility that vastly different scales may characteristic 
the geometry in the presence of singularities (branes). This 
phenomenon, which is well-known from the physics of black 



holes, can arise in a much wider context than discussed in 
sect. IVIIII The crucial ingredient is the appearance of 
a scale L characterizing the curvature Rd ~ L~ 2 , which 
is different from the scale l b which is relevant for parti- 
cle physics. "Geometrical adjustment" describes scenarios 
where l b is given by the characteristic size of internal space, 
which is typically small and assumed to reach a constant 
value in units of the Planck mass x- If we keep denoting 
by L the "size" of internal space, we should replace in the 
formulae of the preceeding section I}, —> L, L — > L, such 
that eq. (|102[) becomes now 

X 2 ~ L- 2 . (108) 

The geometrical runaway L — > oo is now replaced by 
geometrical adjustment L — > oo. Again, the effective four 
dimensional theory will lead to an exponentially vanishing 
cosmon potential (|107|) . with ip ~ InL. The contributions 
of the terms ~ r to the effective potential and Planck mass 
in the reduced four dimensional theory are suppressed by 
inverse powers of L, since they involve the curvature Rd- 
The geometrical adjustment describes the approach of a 
general class of cosmologies to the special solutions dis- 
cussed in sect. IVI1 Both for the geometrical runaway and 
the geometrical adjustment, for which the internal curva- 
ture Rd goes to zero, the effect of the higher order curva- 
ture invariants contained in F (eq. (|25[) ) goes dynamically 
to zero. 

We have seen in sect. (|VI|) that a solution consistent 
with dimensional reduction for a static internal space has 
c\ = and therefore a flat potential for the radion. This 
flat valley in the potential gets now influenced by terms 
ci ~ L~( D+2 \ If L and £ approach asymptotically con- 
stant values, the cosmon corresponds to InL. Otherwise, 
the cosmon may correspond to a more complicated com- 
bination of InL, InL and £. In all cases, one will find an 
exponential potential of the type (TTJ, with A* = 0. We also 
stress that for the geometrical runaway and the geometri- 
cal adjustment the higher dimensional dilatation anomaly 
is not important. These scenarios can work with or without 
the running of r. The four dimensional effective dilatation 
anomaly appears in the form of an anomalous dimension 
due to geometry in higher dimensions. 

At this place it seems useful to comment on models that 
have a more general form of F as given in eq. ([26]) . The ge- 
ometrical runaway for warped branes could be realized for 
a rather arbitrary form of F. The anomalous runaway and 
the geometrical adjustment are characterized by an asymp- 
totic vanishing of the contribution of F to the effective cos- 
mon potential. For the anomalous runaway, we have to deal 
typically with several dimensionless couplings characteriz- 
ing F. They may all simultaneously run towards zero. For 
example, the ratios of different couplings in F could evolve 
to zero or nonzero fixed points, such that only the overall 
coupling r matters. For the geometrical adjustment it is 
necessary that F decays asymptotically with some inverse 
power of L. It is presumably sufficient that the adjustment 
is towards higher dimensional Einstein spaces, but a more 
detailed study seems necessary. 



18 



X. CONCLUSIONS 

In the second part of this paper we have discussed three 
possible ways how higher dimensional physics could lead to 
an asymptotically vanishing cosmological constant. In the 
anomalous runaway scenario, the relaxation of the effective 
four dimensional cosmon-potential towards zero is induced 
by a running higher dimensional coupling r. The anoma- 
lous dimension for this coupling in the higher dimensional 
theory translates into an anomalous dimension for the ef- 
fective four dimensional cosmological constant AM 4 . The 
geometrical runaway for brane cosmologies realizes the de- 
crease of A by an expansion of the volume L D of internal 
space, measured in units of the four dimensional Planck 
mass. This scenario becomes viable if the particle physics 
is governed by a brane scale If, different from L, such that 
the dimensionless couplings and mass ratios approach con- 
stants despite the increase of L. Finally, in the adjusting 
geometry scenario the ratio between the compactification 
scale M c = L^ 1 and the Planck mass reaches asymptot- 
ically a constant, guaranteeing for stable particle physics 
properties. The runaway is now realized by a characteristic 
length scale for the internal curvature L increasing towards 
infinity. 

All three scenarios illustrate the general discussion in 
the first part of this paper, which has been done in the 
four dimensional theory. There are a few central lessons: 

(i) The physics of the cosmological constant is Planck 
scale physics. 

(ii) Naive estimates of the "natural size" of the cosmo- 
logical constant by a computation of quantum fluc- 
tuations of some low energy modes are not meaning- 
ful. These computations fail to incorporate the im- 
portant symmetry properties related to dilatations, 
or the geometrical features of a higher dimensional 
world. Furthermore, quantum fluctuations should 
not be computed in the Einstein frame, but rather 
in the higher dimensional theory - typically corre- 
sponding in the effective four dimensional theory to 
a type of Jordan frame. 

(iii) Exponential potentials for the cosmon field are nat- 
ural outcomes of all three higher dimensional sce- 
narios. They reflect the nature of the cosmon as a 
pseudo-Goldstone boson of dilatation symmetry, bro- 
ken by anomalies or explicitely. At the same time, 
they give rise to interesting scaling solutions in cos- 
mology that could explain why the dark energy is at 
present of a similar size as matter. 

(iv) A crucial problem of higher dimensional cosmologies 
is the stabilization of the particle physics properties, 
in the sense that dimensionless couplings and mass 
ratios should at most very mildly depend on time. 
The central issue is here the simultaneous runaway 
of the cosmological constant to zero and the almost 
constancy of couplings [III • Each feature separately 



can be realized in many models in a simple and nat- 
ural way. Our three scenarios propose different pos- 
sibilities how both properties can be realized simul- 
taneously. The essential ingredient is the running of 
the particle physics couplings towards nonzero fixed 
points. If this running is fast, no time dependence of 
the couplings will be observable. For a slow approach 
to the fixed point, one may detect coupling varia- 
tions, since the approach continues in the present cos- 
mological epoch. The varying couplings correspond 
to a "fifth interaction" mediated by the cosmon field, 
that is substantially weaker than gravity. This is 
observable by apparent violations of the equivalence 
principle. 

In this paper we have restricted ourselves to general as- 
pects of the problem of the cosmological constant. A con- 
crete realization of one of our three higher dimensional sce- 
narios would be most welcome. This requires the compu- 
tation of the higher dimensional dilatation anomaly and 
the existence of cosmological solutions with the appropri- 
ate geometric properties. The existence of static solutions 
with warping, that may be the asymptotic state of higher 
dimensional cosmologies, is well established. The task is 
now the computation of cosmologies that realize an ap- 
proach to such an asymptotic state. 



APPENDIX: Brane solutions in higher dimensional 
Einstein space 

In this appendix we discuss special solutions of the 
field equations for dilatation symmetric higher dimensional 
actions for constant £. These are higher dimensional 
Einstein-spaces. We concentrate on solutions with van- 
ishing four dimensional curvature scalar. 

Let us consider a d-dimensional Einstein space with met- 
ric obeying 

ftp* = 0. (A.l) 

Together with £ = const, this is a solution of the field 
equations ([77]) . ([28"]) . We specify the warped metric ([55]) 
by using flat four dimensional space gffi — n^^a — a(z) 
and 

£^=W n ' r v° t-\ V (A.2) 

Here D — 1 coordinates y a form a homogeneous space, 
R a p = Cg & g. The dimensionless coordinates y a are of 
the type of angles, such that an overall length scale L can 
be written as multiplicative constant. Our conventions are 
such that C = (D — 2) for g g/ g parameterizing a unit sphere 
S D ~ X . We have to determine from the field equation (|A.ip 
how the dimensionless functions o~(z) and p{z) depend on 
the dimensionless coordinate z. 

Solutions of this type have been discussed in [3] and we 
follow this work. The field equations (with primes denoting 
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derivatives with respect to z) 



(D-1)C 



(D - 3)C 



(D-l)C 



3^ + 1^-1)^ + ^-1)^- 
(T 2 p er p 

+i(u-i)P-4) (£ 2 



/0 



>- 2)(D-5) 



-2(D - 2 



p CT 



4 

a 



p a \a 
+ \{D-l) { D-2) 



(A.3) 



contain only two independent equations for the two func- 
tions a(z) and p(z). For the special case D = 2, C = 
these are the field equations used for the first warped so- 
lutions in ref. [l2T |. but in absence of a higher dimensional 
cosmological constant. The cqs. (|A.3I) can be combined 
into a second order differential equation for Y 



Y" 



with 



2_ = _y-(D-l) j H_ 

a p 



D-l 



Y - (D - 1)Y , P + 3) 
OD-l) 2 



y 



-2D+3 



0, (A.4) 



For D > 2 the general solution of eq. (IA.4[) corresponds 
to the damped motion of a particle in an effective potential 



D + 3 



fS 



2(D - 2)(D - 1) 



(A.6) 



and we note the special role of D = 2, where the poten- 
tial becomes logarithmic, V e ff — 51ny. One may obtain 
the different types of solutions by fixing at some z in > 
the values Y{z in ) and Y'(z in ), corresponding to two free 
integration constants. We consider first Y'(zi n ) > 0. For 
z < Zi n , nothing can prevent the solution from reaching the 
origin at Y = for some value Zo- We may choose zq = 0, 
thus fixing one of the integration constants. As z increases, 
Y first increases. The motion either reaches a turning 
point, and Y subsequently decreases until it reaches zero, 
with Y(z — > z) — ► 0. Alternatively, the increase of z may 
continue for z — ► oo, with Y'(z ~ * oo) = A > 0. The 
second integration constant corresponds to z or A. As a 
boundary case, one has a turning point at infinity, z — > oo 
or A -> 0. 

The solutions with 



lim y = 



(A.7) 



are singular for z — » 0, since ct'/ct diverges. They corre- 
spond to a "brane" located at z = 0. Close to the singu- 
larity one finds 



y 



z 

'/+ 



pz 



7+ 



(A. 



with 



1 



V+ = 
7+ = 



D + 3 
2 + 477+ 

D- 1 



V(£>-l)(£> + 2)-2 , 



(A.9) 



For D > 2 one has 77+ > 0, with ->• 2) = 0. We 

note p~^~ a ~ z 1+,? + such that the integral C3 (j9U|) is well 
behaved for z — > and the Planck mass is finite. The 
solutions with a turning point have a second singularity at 
z, with 



y = 

and 



, (7 = <T_ (z — z)~ 



p = p_(z- z) 7 
(A.10) 



V- 
7- 



-^(VFTpT2) + 2) 

2 + 4r?_ 



L> - 1 



(A.ll) 



From p~2~a ~ (z — z) 1+?? - one concludes that the integral 
C3 is finite in this case. 

On the other hand, the solution with y' > for z — * 00 
reads, for D > 2 



y 



Az + _B , (7 = (Too ex P 



(Az + B) 2 ~ D 



D 



P = 1 z + — I exp 



A(£> - 2) 

2 ^ ,/■*.., nN2-_D 



4(Az + B) J 
(D-2)(D- 1)A : 



(A.12) 



were we have chosen a normalization of standard "polar 
coordinates" for flat space, i.e. p(z — > 00) = z 2 . For D > 3 
a reasonable approximation for large z is simply 



cr = 1 



P : 



(A.13) 



where we have chosen a particular normalization of a. For 
5 Q /3 the metric of a unit sphere S 113-1 , we recognize that 
this solution describes flat space R d , with a brane located 
at z = deforming the geometry locally. For > 
the z-integral for the computation of the coefficient C3 di- 
verges - no effective four dimensional description of grav- 
ity is possible. The boundary case between the solutions 
([A.lOp and (|A.12p is given by the solution (TA~8j) , (fO)) . 
which is actually an exact special solution valid for all z. 
Even though cr(z — > 00) — > 0, no effective four dimensional 
theory is valid since C3 is not given by a convergent integral 
for z — > 00. 

The solutions with Y'(zi n ) < always approach a sin- 
gularity at z > Zi n , which is of the type (|A.10p . (|A.11[) . 
Again the solution (|A.10[) is an exact "dividing solution", 
which now extends to z — > —00. For the dividing solu- 
tion we can compute the critical value Y'(zi n ) = Y' c < 0. 
For Y'(zi n ) > Y' c we have a turning point for z < z^ n and 
find a second brane described by eqs. (|A~8|) . ([A~9]) . This 



20 



is the same type of solutions with two singularities as dis- 
cussed for Y'{zi in \ > 0. On the other hand, for Y'(z in ) 
smaller than Y' c the solutions extends now to z — > — oo, 
with a — > Coo > and F — > oo according to 

F-»-(A» + B). (A.14) 



Only the solutions with two branes lead to a valid four 
dimensional description with finite C3. Of course, the role 
of the two branes can be interchanged by a reflection in the 
z-coordinate. 
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